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AHHOTaij;HH 

B HacToain,eii pa6oTe paccMaTpuBaiOTCs oG'BeKTBi, iiMeiomiie flBa skbh- 
BajieHTHBix onacaHHa: KaK (pyHKTopiianBHBie OTo6pajKeHHH h KaK cna6Bie 
neTHOCTH. OyHKTopnajTBHBie OTo6pa>KeHHa no3BOJiaK3T npeo6pa30BBiBaTB 
y3jiBi h npoflOjiacaTB nocpeflCTBOM SToro HHBapnaHTBi y3JiOB. Mbi bbo^hm 
noHHTEe MaKCiiMajiBHOH cna6oii neTHOCTH h onHCBiBaeM ee fljia y3JiOB Ha 

(pHKCHpOBaHHOH 3aMKHyTOH OpiieHTIipOBaHHOH nOBepXHOCTH. ITpn nOMO- 

mH HaiifleHHoii cjia6oii hcthocth ctpohtch npoeKuns H3 BnpTyajiBHBix 
y3JiOB b KjiaccH^iecKHe. 



BBefleHHe 

MeTHOCTb — noHSTne, BBeflenHoe B.O. MairrypoBBiM b 2009 ro,ny [5], — onpe- 
^ejiaeTca KaK cnoco6 ocHameHHH nepeKpecTKOB /niarpaMM y3Jia hjih 3an;enjie- 

HH2 HHCJIOBBIMH MGTKaMH H 1, npHHCM npHnHCblBaHHe MeTOK flOJUKHO 6bITb 

corjiacoBaHO c flBioKennHMii PeftfleMeiicTepa. IIpaBHjio corjiacoBaHHH mcc-kho 
ccpopMyjiiipoBaTB cjieflyiomHM o6pa30M: neTHoerb nepeKpecTKOB, He HCHe3aio- 
ihiix ii He nosBjiHioiHHxcH npn flBHJKeHHH Pefi^eMeiicTepa, He MeHaeTca; cyMMa 
(no MO,nyjiio ,n,Ba) neTHOCTeii nepeKpecTKOB, ynacTByioiHiix b flBHJKeHHH Peiifle- 
MeiicTepa, paBHa Hyjuo (cm. pncQ]). 




Phc. 1: Akchombi hcthocth. 



BBefleHHe flonojiHHTejibHOii HHCpopMainiH b ^niarpaMMy 3an,enjieHHH npn no- 
moihii neTHOCTeit no3BOjiaeT ycHjiHBaTb HHBapnaHTbi y3jiOB [3 [6l [3 [8l [9l 1 101 1111 
112} [2j . IIpH noMomii HOBbix HHBapnaHTOB yn,ajiocb noKa3aTb HeTpiiBHajibHOCTb 
CBo6o,n,Hbix y3JiOB, a Taicxe hx KjiaccoB Ko6op,a,aHTHOCTH [9]. 

flpyrHM npHjiojKeHHeM Teopnii leTHOCTefi HBjiaeTCH nocTpoeHne cpyHKTO- 
pnajibHbix OTo6pajKCHHii. Pa3flejieHHe nepeKpecTKOB ^narpaMMbi Ha neTHbie h 
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HeneTHbie no3BOjiaeT TpaHCcpopMHpoBaTb /nrarpaMMy, no-pa3HOMy npeo6pa3ya 
ee b OKpecTHOCTH nepexpecTKOB pa3jiiiHHbix tiiiiob, a hmchho, 3aMeroiTb HeneT- 
Hbie nepexpecTKH Ha BHpTyajibHbie, a neTHbie ocTaBjiHTb kbk ecTb. Kb cbohctb 
hcthocth (Ha caMOM ,nejie, H3 6ojiee cjiaGbix ycjiOBHii cAa6oil uemHocmu) cjie- 
flyeT, ^ito pe3yjibTaTOM npHMeHeHHH stoto npeo6pa30BaHHH k pasjin^mbiM /nra- 
rpaMMaM o/rHoro y3jia 6ynyT /riiarpaMMbi, cooTBeTCTByiorHHe HeKOTopoMy flpy- 
roMy, BHpTyajibHOMy y3jiy, to ecTb (pyHrcTopnajibHoe OTo6pajKeHHe onpeflejieHO 
Ha ypoBHe y3JiOB, a He /nrarpaMM [5J. HsyneHHe (pyHKTopnajibHbix OTo6pajKeHHH 
h cjia6bix HeTHOCTeft cocTaBjiaeT co,n,ep}KaHHe flaHHOfi: pa6oTbi. 

CTaTbH opraHH30BaHa cjie^yrompM o6pa30M. B nepBOM pa3,a,ejie flaiOTca oc- 
HOBHbie onpeflejieHHH. Mm Ha^iHHaeM c onpe/jejieHHH KaTeropHH /nrarpaMM y3- 
jiob h npHBO,zniM npHMepbi HeKOTopbix TaKHx KaTeropnii. Jl&jiee bbo^htch onpe- 
^,ejieHHe cpynKTopnajibHoro OTo6pa»ceHHa h cjia6oft hcthocth. 3aTeM o6cy»c^,a- 
totch npocTeiiHiHe CBOiicTBa cjia6bix neTHOCTeft. 

BTopoft pa3fleji nocBameH onncaHHio cjia6bix neTHOCTefl; pjin y3JiOB b yTOJi- 

rHCHHH CpHKCHpOBaHHOH OpHeHTHpOBaHHOH 3aMKHyTOH nOBepXHOCTH (a TaKace 

norpyjKeHHbix KpHBbix b opneHTHpoBaHHOii 3aMKHyT0ii noBepxHOCTn) . Mbi ,n,o- 
Ka3biBaeM, hto roMOTonHHecKaa cjia6aa hcthoctb b flaHHOft TeopnH y3jiOB hbjih- 
eTCH MaKCHMajiBHOH HeTpHBHajibHoft cna6oH neTHOCTBio. OTCK>,zi,a cjie^yeT, HTO 
fljia KjiaccHnecKHx y3JiOB Bee cjia6bie hcthocth TpHBHajit>Ht>i , hto o6o6maeT 
aHajiorHHHbiii pe3yjiBTaT fljia neTHOCTeft [TJ Corollary 4.2]. 3aBeprnaeT pasfleji 
onncaHHe npoeKHHH MHOJKecTBa BHpTyajibHbix y3jiOB Ha KjiaccHnecKHe. 

Abtop BbipajKaeT 6jiaroflapHOCTb J\. II. Hjibiotko h B. O. MaHTypoBy 3a 

nOJie3Hbie o6cySC,H,eHHH H KOMMCHTapHH. 

Pa6oTa BbinojiHeHa npn HacTHHHOii (pHHaHCOBOfi no/mepjKKe rpaHTa HpaBH- 
TejibCTBa P<J> no nocTaHOBjieHmo N 220, floroBop 11.G34.31.0053, POOH (rpam 
N« 12-01-31432-a_MOji), HporpaMMbi no/mepxKH Be/rynnix HaynHbix hikoji P<J> 
(rpaHT N s HUI-1410. 2012.1), IIporpaMMbi HaynHbie h HayHHO-neflarornnecKHC 
Ka/i,pbi HHHOBan;HOHHOfl: Pocchh (rocKOHTpaKT 14.740.11.0794). 

1 OyHKTopnajibHbie OTo6paxceHHH h cjia6bie neT- 

HOCTH 
1.1 y3JiM h flnarpaMMbi 

06rrj,enpHHHTOii cpopMoii npeflCTaBjieHHa y3jiOB h 3an,enjieHHH hbjijhotch ix ^,na- 
rpaMMbi. Y3jiy cooTBeTCTByeT 6ecKOHeHHO MHoro pa3jiHiHbix /nrarpaMM, ho jho- 
6bie H3 hhx mojkho CBH3aTb nenoHKOfi npeo6pa30BaHHfi — H30TonHii /niarpaMM 
h flBHJKenHH PefifleMeiicTepa. 

Onpe,n,ejieHiie 1. IlycTb K. — HeKOTopbift y3eji. Kameeopueu duazpaMM y3- 
jia /C na3biBaeTCH KaTeropHH K, o6 r beKTaMH KOTopoii hbjijhotch BceB03M0>KHbic 
flnarpaMMbi y3Jia, a MopcpH3MaMH cjryacaT (^popMajibume komho3hhhh 3JieMen- 
mapHux MopijiusMoe — H30TonHH ^HarpaMM h flBHJKCHHii Peii^,eMeHCTepa. 
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3aMeHaHHe 1. Hapa^y c KaTeropnaMn /niarpaMM KOHKpeTHoro y3Jia mojkho 
paccMaTpiiBaTb KaTeropnn, cocToainne H3 ,zniarpaMM y3jiOB HeKOToporo Kjiacca 

(KJiaCCH^eCKHX y3JIOB, BHpTyajIbHblX y3JIOB, njIOCKHX y3JIOB, CBo6o,ZI,HbIX y3JIOB, 
y3JI0B H KpHBblX Ha CpHKCIipOBaHHOH IIOBCpXHOCTH H T.n.). PaCCMOTp6HH6 Ta- 

khx 6ojibniHx KaTeropHii yn,o6HO, Kor,n,a H30TonnHecKHH Kjiacc y3Jia 3apaHee He 
onpeflejieH, hto HMeeT MecTO, HanpHMep, pjm o6pa30B cpyHKTopnajibHbix oto6- 
pajKeHHfl. Mbi 6y [ n I eM Ha3biBaTb sth KaTeropHH meoputiMu y3Aoe. 

PaccMOTpHM KOHKpeTHbie npHMepti THnoB y3jiOB h hx flnarpaMM. 

Onpe^ejiemie 2. A-zpatfioM Ha3biBaeTCH jno6oe HecBH3Hoe o6 r be [ nnHeHne ne- 
TbipexBajieHTHbix rpacpOB h mpueucuibHMX KOMnoHenm — OKpyjKHOCTeft, Ka>K- 
flaa H3 KOToptix paccMaTpHBaiOTCH xax rpaep 6e3 BepniHH h c o^hmm (3aMKHy- 
tbim) pe6poM. BupmyajitHou duazpaMMoil Ha3BiBaeTCH Bjio»ceHHe b njiocKOCTb 
4-rpacpa, BepniHHbi KOToporo pa3flejieHBi Ha #Ba Tnna: KAaccuuecnue h eupmy- 
cuibHue. B KjiaccH^ecKHx Bepninnax BBi^ejieHa napa npoTHBonojiojKHbix (no- 
jiy)pe6ep, Ha3BiBaeMaa npoxodoM; .apyrne pp& (nojiy)pe6pa BepniHHBi o6pa3yiOT 
nepexod. BepniHHBi /niarpaMMbi Ha3BiBaiOT TaKJKe nepeKpecmKaMu. flnarpaM- 
Ma, He coflepjKamaa BHpTyajiBHBix nepeKpecTKOB, Ha3biBaeTca KAaccuuecKou. 

3aMeiaHHe 2. IIpn H3o6pa>KCHHH BiipTyajibHofi /niarpaMMbi BnpTyajibHbie 
BepniHHBi o6bihho o6bo,i];htch KpyjKKOM. Ilpoxofl b KjiaccHHecKoii BepniHHe 060- 
SHa^iaeTCH pa3pbiBHOii jinHneft, a nepexo,n, — cnjionmoii (cm. pnc. [5]) 



Phc. 2: BnpTyajibHbin (cjieBa) h KjiaccnnecKHii (cnpaBa) nepeKpecTKH /niarpaM- 

Mbl 

Onpe,a,ejieHHe 3. fleuMcenusi eupmyaAbmix duazpaMM BKjno^aiOT b ce6a 
o6bihhbic flBHJKCHHa PefifleMeiicTepa (Rl, R2, -R3), a TaKJKe deuatcenue o6?ie3- 
da (DM), npH kotopom npon3BOjibHaH pyr& /niarpaMMbi, coflepjKainaH TOjibKO 
BHpTyajibHbie nepeKpecTKH, 3aMeHHeTCH Ha HOByio flyry c tcmh »ce KomraMH, 
TaKJKe coflepjKainyio tojibko BHpTyajiBHBie nepeKpecTKH (cm. pnc. [3]). Kjiacc 

SKBHBajICHTHOCTH BHpTyajIbHblX /HiarpaMM nO MOflyjIIO flBHJKeHHH Ha3BIBaeTCH 

eupmycuibHUM 3am l enAeHueM. 

Onpe^ejiemie 4. YnuKypcaAbHOu KOMnoHenmou BnpTyajibHOH flnarpaMMbi 
Ha3BiBaeTCH HaHMeHbinee no BKjnoneHHio HenycToe mhojkcctbo pe6ep flnarpaM- 
Mbi, 3aMKHyToe OTHOCHTejibHO nepexo^OB ot pe6pa k npoTHBonojiojKHOMy eMy 
(b o,o,hom H3 ero kohhob) pe6py. flaarpaMMa c ojthoh yHHKypcajrbHofl komho- 
HeHTOii Ha3biBaeTCH duazpaMMoil eupmyaAbnozo y3Aa. 

3aMeiaHHe 3. IlocKOjibKy kojihhcctbo yHHKypcajibHbix KOMnoHeur He mchh- 
eTCH npn ppsaseHBsix /niarpaMMbi, KoppeKTHO onpeflejieHO noHHTne eupmyaAb- 
nozo y3Aa KaK Kjiacca SKBHBajieHTHOCTH /niarpaMM c oflHoft ynnKypcajibHoii 

KOMnOHCHTOH. 
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Phc. 3: ^BHJKeHHH BHpTyajibHbix flnarpaMM 



Onpe,n,ejieHHe 5. Y3eji (3auenjieHHe) , HMeroinnn KjiaccnnecKyro flHarpaMMy, 
Ha3biBaeTCH KJiaccuuecKUM. 

3aMeiaHHe 4. KaK cjie,nyeT H3 pe3yjibTaTa Kynep6epra [3], ppe Kjiaccnne- 
CKne fliiarpaMMbi, cooTBCTCTByioinHe o^HOMy h TOMy »ce (Kjiaccn^ecKOMy) 3a- 
nenjieHnio, mojkho CBH3aTb nocjie/i,OBaTejibHOCTbK) flBHJKeHnn, b kotopoh Bee 
npoMejKyTOHHbie /niarpaMMbi tojkc 6ynyT KjiaccnnecKHMH. B cnjiy SToro, pjia 
KjiaccH^iecKHx y3JiOB no yMOJinaHHio mm 6yneM paccMaTpHBaTb KaTeropHio, co- 
CTOHinyio H3 hx KjiaccHiecKHx fluarpaMM. 

3aMeHaHHe 5. IIo KajK/joft BiipTyajibHoii flnarpaMMe D mojkho nocTponTb 
^narpaMMy D, co^epjKamyio TOjibKO KjiaccnHecKne nepeKpecTKH n jiejKamyio 
Ha HeKOTopoit opneHTHpoBaHHOii noBepxHOCTH S(D) [3]. JXjisi 3Toro b KaxflOM 
KjiaccnnecKOM nepexpecTKe /niarpaMMbi pacnojiaraeTca KpecT, a b KajKflOM Bnp- 
TyajibHOM — napa HenepeceKaromnxcH jiewr (cm. pnc.S]). Coe/niHHH sth KpecTbi 
h jieHTM, Mbi nojiy^HM noBepxHOCTb c KpaeM S'(D), Kyn,a Bppm> oceii jieHT 
OTo6pa>KaeTCH /niarpaMMa D, nojiynaeMaa H3 D pa3Be,i];eHHeM BnpTyajibHbix 
nepeKpecTKOB. 3aKjieHBaa KOMnoHenTbi Kpaa noBepxHOCTH S'(D) /niCKaMH, mbi 
nonynnM HCKOMyio 3aMKHyTyio noBepxHOCTb S(D). 




Phc. 4: IIocTpoeHHe noBepxHOCTH S'(D) 

Hao6opoT, no 3aMKHyT0ii opnenTHpoBaHnon noBepxHOCTH S n ^niarpaMMe D 
c KjiaccnnecKHMH nepeKpecTKaMH b Hen mojkho nocTponTb BnpTyajibHyio fliia- 
rpaMMy cjieflyioin;HM o6pa30M. PaccMOTpnM oxpecTHOCTb S' /niarpaMMbi D b 
S. Toiyja S' 6yn,eT opneHTHpoBanHon noBepxHOCTbio c KpaeM, Tax hto hmcctch 
norpyjKeHne S' b njiocKOCTb R 2 , coxparanoinee opneHTauino. Ilpn stom norpy- 
jKennn /niarpaMMa D OTo6pa3HTca b HeKOTopbift 4-rpaep D, b kotopom o6pa- 
3bi nepexpecTKOB /niarpaMMbi D noMenaiOTCH KaK KjiaccnnecKne nepeKpecT- 
kh (cTpyKTypa npoxofla-nepexo/i,a npn stom HHflynnpyeTCH H3 ^narpaMMbi D) , 



4 



a noHBjiaioiniiecH npii norpy»ceHHH toikh caMonepeceneHiiH noMenaiOTCii KaK 
BHpTyajiBHBie nepeKpecTKH. 3aM6THM, hto flnarpaMMa D onpeflejieHa hcojxho- 
3HaHHO, ho 0Ka3biBaeTca, hto pa3jiHHHbie norpyjKCHHH npHBOjj,HT k SKBHBajieHT- 
HbiM BHpTyajibHbiM /niarpaMMaM. 

HMeiomeecH cooTBeTCTBiie MeiK,ay BHpTyajibHbiMH jxnarpaMMaMH h jxnarpaM- 
MaMH Ha noBepxHOCTax no3BOjiaeT ,n,aTb HOBoe onpe^ejieHHe BHpTyajibHbix 3a- 
H,enjieHHfi. ^narpaMMy Ha opiiCHTHpoBaHHOH noBepxHOCTH S mojkho HHTepnpe- 

THpOBaTB KaK npOeKHHIO BJIOJKeHHH OflHOH HJIH HeCKOJIbKHX OKpy>KHOCTGH B 

yTOjimeHHe noBepxHOCTH S x [0, 1]. OTCio/ja bmbojihtch (cm. [3]), nTO BnpTyajib- 
Hoe 3au,enjieHHe mojkho onpeflejiHTb KaK BjiojKeHne HecBH3Horo oSijeflHHeHHa 
OKpyjKHOCTeit b yTOjiineHHH opneHTHpoBaHHbix noBepxHOCTeit, paccMaTpHBae- 

MOe TOHHOCTbK) ,0,0 H30TOnHH H OnepaHHH CTa6HJIH3aH,HH (cm. pnc.[5]), MeHJuomeft 

noBepxHOCTb h ee yTOjimeHHe. 




Phc. 5: Oncparnia CTa6HjiH3arnin 

IIocjieflHee onpeflejieHHe mojkho nepecpopMyjinpoBaTb cjiejxyioinHM o6pa30M. 
BnpTyajibHoe 3au,enjieHHe — sto Kjiacc SKBHBajieHTHOCTH nap (S, D), S — cbh3- 
Haa 3aMKHyTaa opneHTHpoBaHHaH noBepxHOCTb, D — ,zniarpaMMa b S, y koto- 
poii Bee nepeKpecTKH KjiaccnnecKne. Othohichhc SKBHBajieHTHOCTH nopojKfleHO 

H30T0niIHMH, flBHXeHEHMM PeHfleMCHCTepa H CTa6HJIH3anHHMH. 

IlycTb S — flByMepHaa CBH3Haa 3aMKHyTaa opneHTHpoBaHHaa noBepxHOCTb. 

Onpe,n,ejieHHe 6. 3au,enAeHueM (coome. y3A0M) na noeepxHocmu S Ha3bma- 
gtch Kjiacc 3KBHBajieHTHOCTH (KjiaccHHecKnx) /niarpaMM (cootb. ^narpaMM c 
o,h,hoh yHHKypcajibHoii komhohchtoh) Ha S no MOJiyjiio H30TonHii /niarpaMM h 
flBHJKeHHH PefifleMencTepa Rl, R2, i?3. 

3aMeiaHHe 6. 1. KjiaccnnecKHe y3Jibi h 3anenjieHH5i mojkho paccMaTpnBaTb 
KaK y3Jibi Ha ccpepe S 2 . 

2. IlMeeTCH ecTecTBeHHoe OTo6pajKCHne y3JiOB Ha cpHKCHpoBaHHOft noBepx- 
hocth S bo MHOxcecTBO BHpTyajibHbix y3JiOB. Ha ypoBHe ,zpiarpaMM sto OTo6pa- 
jKCHne ecTb BjioxceHne KaTeropnii: jxnarpaMMe D conocTaBjraeTCH napa (5,1?). 

3a6biBaHHe CTpyKTypbi npoxojr-nepexoji b KjiaccnnecKHx nepeKpecTKax jraa- 

rpaMM npHBOJXHT K HOBHM TeOpHHM y3JIOB. 

Onpe,a,ejieHHe 7. IIaockum 3ay,enAeHueM Ha3bmaeTCH Kjiacc SKBHBajieHTHOCTH 
BHpTyajibHbix flnarpaMM no MO/jyjno jxbh^kchhh h 3aMeH npoxo^OB Ha nepexojibi 
b jno6bix nepeKpecTKax jjnarpaMMbi. Kjiaccbi SKBHBajieHTHOCTH BHpTyajibHbix 
^narpaMM no MOJiyjiio 3aMeH npoxojrpB Ha nepexojjbi b nepeKpecTKax ^HaxpaM- 

Mbl Ha3bIBaiOTCH UAOCKUMU dudZpaMMdMU. Hx MO)KHO 3ajJ,aBaTb, KaK BJIOJKeHHS 
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b njiocKOCTB 4-rpacpOB, BepniHHbi KOTopbix pa3ji;ejieHbi Ha BHpTyajibHbie h Kjiac- 
CHnecKHe nepeKpecTKH, npn stom CTpyKTypa "npoxo/j-nepexo/V'B KjiaccnnecKHx 
ncpcKpecTKax He onpeflejiaeTCH. IIaockum t/3A0M Ha3biBaeTCH njiocKoe 3anen- 
jieHne c ojthoh yHHKypcajibHofi komhohchtoh . 

Jijia njiocKHx y3jiOB b KanecTBe o6T>eKTOB KaTeropHH jxnarpaMM mm 6yn,eM 
paccMaTpHBaTb njiocKHe jxnarpaMMM, a b KanecTBe MopcpH3MOB — flBHJKeHHH 
PeH^eMeficTepa h o6T>e3jia, HHjxynHpoBaHHbie cooTBeTCTByioiHHMH jtbhjkchhsmh 
Ha BHpTyajibHbix jrnarpaMMax. 

3aMeiaHHe 7. 3a6biBaHHe npoxoflOB h nepexoflOB b jrnarpaMMax y3JiOB Ha 
(pHKcnpoBaHHOH noBcpxHOCTH S nopojKjiaeT MHOJKecTBO BjiojKeHHii 4-rpacpOB B 
noBepxHOCTb, KOTopbie mojkho HHTepnpeTnpoBaTb KaK norpyaccHHH o6mero no- 
jiojKeHHH jtjih Ha6opa OKpyamocTeH. KjiaccaMH SKBHBajieHTHOCTH jxnarpaMM b 
9tom cjiy^ae 6yiiyT Kjiaccbi cbo6ojthoh roMOTonnn Ha6opa KpHBbix Ha noBepx- 

HOCTH. 

1.2 OyHKTopHajibHMe OTo6pa»ceHHa 

Onpe,a,ejieHHe 8. IlycTb fC — HeKOTopbifi y3eji. 0yHKmopuaAt>HUM omo6pacnce- 
HueM Ha KaTeropHH jriiarpaMM A y3jia JC Ha3biBaeTCH cpyHKTop <3/ H3 KaTeropHH 
& b KaTeropHio jriiarpaMM BHpTyajibHbix y3jiOB (ecjin y3eji K, ecTb BHpTyajibHMH 
y3eji hjih y3eji Ha (pHKcnpoBaHHOH noBepxHOCTn) jih6o KaTeropHio njiocKHx jriia- 
rpaMM (ecjin /C — njiocKHii y3eji hjih cbo6ojthbih roMOTonHnecKHii Kjiacc kphboh 
Ha (pHKcnpoBaHHOH noBepxHOCTn) , TaKoe hto 

1. jjjih jik)6oh flnarpaMMti D G ob(&) jrnarpaMMa ^(D) nojiynaeTCH H3 D 
3aMeHoii HeKOTopbix KjiaccnnecKHx nepeKpecTKOB Ha BHpTyajibHbie; 

2. jjjih jiio6oro ^,BHJKeHHa PeHfleMeficTepa /: D\ — > D 2 OTo6pa:*ceHHe 

*(/): *(£>!) -> *(£> 2 ) 

npe^CTaBjiaeT coSoft mo otce jrsHJKeHHe PeHjreMeiicTepa jih6o jjBHJKeHne 
o6T>e3jra. 

PaccMOTpHM jxnarpaMMy D G ob(&). 06o3HaHHM nepe3 V(D) MHO»cecTBO 
KjiaccnnecKHx nepeKpecTKOB jriiarpaMMHi. JI1060H sjieMeHTapHbiii MopcpH3M 
/ : D — > D' (r.e. H30TonHH, jxb H>KeHHe PefijxeMeHCTepa hjih jjBHJKeHne o6i>e3- 
jia) onpejj;ejia:eT cooTBeTCTBHe MejKjry nepeKpecTKaMH jxiiarpaMM — HeKOTopoe 
^acTHHHO onpejrejieHHoe OTo6pa:sceHHe /* : V{D) — > V(D'). 06jiacTbio onpejre- 

JieHHH (COOTB., MHOJKeCTBOM 3HaHeHHH) OTo6pajKCHHa /*, eCJIH / — H30TOnHH, 

^,BHJKeHHe o6 r be3jia hjih TpeTbe jj,BHJKeHHe PeHjreMeiicTepa, 6yn,eT Bee mhojkc- 
ctbo V(-D) (cootb., V{D')) h, ecjin / — nepBoe hjih BTopoe jrBHJKeHHH, 6ya,eT 
MHOJKecTBO nepeKpecTKOB jrnarpaMMbi D (cootb., jrnarpaMMbi D'), He ynacT- 
Byroiinrx b ^,BHJKeHHH. OTo6pajKeHne /* npeflCTaBjiaeT co6oh 6HeKiniK> o6jiacTH 
onpeflejieHHH Ha mhojkcctbo 3HaHeHnn. 
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IlycTb \P — 4)yHKTopHajibHoe OTo6pa:aceHHe. Toiyja Ha MHOJKecTBe Kjiaccn- 
necKnx nepexpecTKOB V(D) KajKflOH fliiarpaMMBi D G ob(R) onpe,a,ejieHO oto6- 
pajKCHHC ipD : V(D) — > Z2, TaKoe hto tJjd{v) — 0, ecjiii nepeKpecTOK v coxpaHH- 
eTca b flnarpaMMe ty(D), h iPd(v) = 1, ecjni nepeKpecTOK v b ,zniarpaMMe ^(D) 
CTaHOBHTca BHpTyajibHMM. Mbi 6yn,eM Ha3biBaTb nepeKpecTOK v nemnuM otho- 
CHTejibHO cpyHKTopHajibHoro OTo6pajKCHHH 'J', ecjiH i/jd(v) = 0, h HenemnuM, 
ecjiH i/)d(v) = 1- 

yTBepjKfleHHe 1. Omo6paoKenuH ipo o6Aadamm CAedymuutALMU ceoucmeaMu: 

) dASi aw6ozo deuotcenuji PeildeMeucmepa f : D — > D' u aw6ozo nepe-npecm- 
Ka v £ V(D), ne yuacmeymunezo e deuotcenuu, %Pd{v) = ipD'(f*(v)); 

(^2 ) ccau f : D — > D' — yMemmamu^ee emopoe deuotcenue PeildeMeucmepa, e 
KomopoM yuacmeymm nepeKpecrriKU u, v G V(D), mo i/jd(u) = V , -d( z; )/ 

f\&3 ) ecAU f : D — > D' — mpemte deuotcenue PeildeMeucmepa, e KomopoM 
ynacmeymm nepeKpecmnu u,v,w € V(-D), mo ^d{u) = V'D'(/*( U )); 
^fl(f) = ^D'{I*{v)), ip D (w) = ip D >(f*(w)) uipDluj + iiD^ + ipDlw) ^ 1 
(ka?c SAeMenm %). 

ffoKa3ameA i bcmeo. IlycTb nepeKpecTOK v He ynacTByeT b flBHJKeHHH. Toiyja co- 
OTBeTCTByromiiH nepeKpecTOK ^>(v) b ^jiarpaMMe 'J'(-D) TOJKe He npnHHMaeT 
ynacTHH b ^bhjk6hhh ^f(f). CjieflOBaTejibHO, nepeKpecTOK ty(v) h ero o6pa3 
^(/*( u )) B AHarpaMMe *5f(D') hmciot o/niHaKOBbiii ran (KjiaccHHecKHft jih6o 
BHpTyajiBHBin) . TaKHM o6pa30M, iPd(v) — ipD'if*^)), n cbohctbo (^0) Bbinoji- 

HeHO. 

IlycTb / — TpeTte flBHJKeHne PeftfleMefiCTepa Ha nepeKpecTKax u,v,w. Hto- 
6bi nocjie 3aMeHbi HeKOTopbix nepeKpecTKOB Ha BHpTyajibHbie nojiynnjiocb Tpe- 
Tte ^BHJKeHHe Ha Tex »ce BepniHHax hjih flBKateHHe 061.63/]^, HyjKHO c/jejiaTb 
BHpTyajibHbiMH 0,2 hjih 3 nepeKpecTKa H3 u,v,w; 3aMeHa pobho OflHoro ne- 
peKpecTKa npHBO/niT k 3anpeineHHOMy /jbhxkhhio (cm. pnc. [6]). KpoMe Toro, 
neTHOCTH y cooTBeTCTByiomHx nepeKpecTKOB flnarpaMM 'J'(-D) h ty(D') ppjna- 
hbi coBnaflaTb. TaKHM o6pa30M, BepHO cbohctbo (^3). 

Cbohctbo (^2) ,n,OKa3biBaeTca aHajiorHHHO. □ 

Onpe,a,ejieHHe 9. CeMeftcTBO OTo6pa»ceHHH ijjo: V(D) — > Z2, D G ob(K), 
fljia KOToporo BbinojiHCHbi ycjiOBHa (^0), (4'2), ( l 3 / 3), Ha3biBaeTCH cAa6oil uem- 
Hocmtw. 

3aMeTHM, hto conocTaBjieHne (pyHKTopnajibHOMy OTo6pajKeHHio cjia6ofi: neT- 
hocth, onncaHHoe Bbime, ycTaHaBjiHBaeT BsaHMHO-oflnosHaHHoe cooTBeTCTBHe 
MejK,n,y sthmh KjiaccaMH. Hhjkc mh 6yn,eM, b ochobhom, Hcnojib30BaTb noHHTne 
cjia6oii hcthocth. 

IIpHMep 1 (HyjieBaa cjia6aa neTHOCTb). OnpeflejniM cjia6yio neTHOCTb O npn 
noMomH paBeHCTBa Od(v) = 0. HyjieBofi: hcthocth cooTBeTCTByeT TOJKflecTBeH- 
Hoe (pyHKTopnajibHoe OTo6pa?KeHHe. 
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D V(D) 




D' W) 

a) 6) b) r) 



Phc. 6: ^OKasaTejibCTBO CBOiicTBa (^S): a) 6e3 3aMeHt>i nepeKpecTKOB ocTaeTCH 
TpeTbe flBHJKeHHe PeftfleMeiiCTepa; 6,b) npii 3aMeHe a b Y x hjih Tpex nepeKpecT- 
kob na BHpTyajibHbie B03HiiKaeT jTBiiJKCHiie oGtesfla; r) npii 3aMeHe OiiHoro ne- 
peKpecTKa noHBjiaeTCH 3anpem;eHHoe flBiiJKemie. 



IIpHMep 2 (TpHBHajibHaa cjia6aa hcthoctb). TpiiBiiajibHaa cjia6aa neTHOCTb 
1 3a,naeTCH TOJKflecTBOM 1_d(u) = 1. Eft cooTBeTCTByeT cpyHKTopiiajibHoe oto6- 
pajKCHne, KOTopoe 3aMeHseT Bee nepexpecTKH Ha BHpTyajibHbie. B pe3yjibTaTe 
nojiynaiOTCH hhcto BHpTyajibHbie fliiarpaMMbi TpHBHajibHoro y3Jia. 

B jj,ajibHeftHieM mh 6yneM H3ynaTb HCKjiiOHiiTejibHO HeTpHBHajibHbie cjia6bie 

HCTHOCTH. 

TeopeMa 1. Ilycmb cjia6asi nemHocmb ip HempueuaAbHa. Tozda ona o6jiadaem 
ceoucmeoM 

ecAU f : D — > D' — yMeHbiuawiu,ee nepeoe deuofcenue PeudeMeucmepa, e 
KomopoM yuacmeyem eepmuna u S V(D), mo ^d(w) = 0. 

/JoKaaameAbcmeo. IlycTb tp — HeTpiiBiiajibHaa cjia6aa neTHOCTb b KaTeropim 
jj,iiarpaMM M.. 3to 3HaHHT, ito naMpeica flHarpaMMa D h nepexpecTOK b Heii v, 
TaKoii hto 4>d(v) = 0. npHMeHHM k /piarpaMMe D BTopoe flBioKeHiie PeftfleMeii- 
CTepa, KaK noKa3aHO Ha piicyHKe[7l IIo CBOiicTBy (^2)nMeeM ip(w) = ip(v) = 0. 
Ha pyre vw ,no6aBHM npn noMomn nepBoro ^bilscchhh PeftjreMeiicTepa nepe- 
KpecTOK u. H3 ycjiOBHa (^3), npHMeHGHHOMy k TpeyrojibHHKy uvw, cjiejxyeT, 
hto ip(u) = 0. Tenepb y6epeM npn noMonxii BToporo ppmKBHMSi PefifleMeiicTepa 
BcnoMoraTejibHbie nepeKpecTKii w,w'. TaxiiM o6pa30M, nepexpecTOK u, iiohb- 
jisioiiniiicfl npn nepBOM ^biijkghhh phjj,om c ^eTHbiM nepexpecTKOM v, HBjiHeTCH 
HCTHbiM. 06o3Ha i iiiM nojryHiiBiiiyiocH ^iiarpaMMy *iepe3 D' . 

nycTb / : D\ — > D2 — yBejiHHHBaiomee nepBoe ppmssesBe Peit^eMeiicTepa 
b KaTeropiiH jjiiarpaMM M., h t E V{D%) — hobbih nepeKpecTOK. Tax KaK ,0,11a- 
rpaMMbi D ii D\ othochtch k o^HOMy y3Jiy, hmgctch nocjieflOBaTejibHOCTb ,n,Bii- 
jKeHiiii PeiifleMeiicTepa, nepeBOflamaa D b D\. Toiyja mm MCxsceM paccMOTpeTb 




Phc. 7: /],OKa3aTejii>CTBO CBOiicTBa (^l). 



aHajioriiHHyio nocjie^OBaTejibHOCTt ^bhjkchhh (,n,o6aBjiHH npn h6o6xo,h,hmocth 
BToptie h TpeTbH flBHJKCHHa), KOTopaa nepeBO/niT ^HarpaMMy D' b i?2, npirceM 
nepeKpecTOK u nepexo/niT b nepeKpecTOK t. IIo CBOiicTBaM (^O)h (5'3)nojiy x iaeM 
il)nS)=i } D>(u)=Q. □ 

Bojibinoe KOjinnecTBO npuMepoB HeTpHBHajibHbix cjia6Bix ^eTHOCTeii mojkho 
nojiy^HTb H3 oSbihhbix HeTHOCTeii. 

IlycTb G — HeKOTopaa rpynna. IIpeflnojiojKHM, hto y3eji K, opneHTHpoBaH, 
Tare hto Ha Bcex flnarpaMMax KaTeropmi /niarpaMM y3Jia & 3aflaHa HHflyinipo- 
BaHHaa: opncHTan,Ha. 

Onpe,n,ejieHHe 10. OpuenmupoeaHHou HemHocmbw p Ha KaTeropHH .zniarpaMM 
A Ha3biBaeTCH ceMeitcTBO OTo6pa:sceHHH pp : V(D) — > G, D G ob(&), o6jia^aio- 
mee ane,nyioiHHMH CBOftcTBaMii: 

• pjia jno6oro sjieMeHTapnoro MopcpH3Ma / : D — > D' h jno6oro nepexpecTKa 
v G V(D) H3 o6jiacTH onpe,nejieHHH OTo6pa>KeHHa /» BbinojineHO paBeH- 
ctbo p D (v) = PD'(f*(v)); 

• ecjiH /:£)—>•£)' — yMeHbinaioiHee nepBoe flBHJKeHHe PeftfleMeiicTepa h 
v G V(D) — HCHesaiomHH nepeKpecTOK, to pd{v) = 1. vpp 1 G G - 
e/niHHHa rpynnbi; 

• ecjiH / : D — > D' — yMeHbinaiomee BTopoe iijiii TpeTbe flBHJKeHHe Peit- 
fleMeiicTepa, to Y\PD{viY^ Vi ^ = 1, iyje Vi — BepniHHbi, ynacTByioiHiie b 

flBHJK6HHH, t{Vi) — HHfleKC HHI^H^eHTHOCTH BepiHHHbl nO OTHOHieHHK) K HC- 

He3aK>meH o6jiacTH (flByyrojibHHKy hjih TpeyrojibHHKy) , cm. pnc.[5]cjieBa, 
a nopaflOK BepniHH b npoH3Be,n,eHHH onpeflejiaeTCH opneHTaniieH noBepx- 
hocth, b KOTopofl: HaxoflHTCH /niarpaMMa. 

Ha pnc. [5]cnpaBa yxa3aH npHMep cooTHonieHHH ^jih opneHTHpoBaHHOii neT- 

HOCTH. 
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u 




p(u)p(v)- 1 P (w)- 1 =1 



PlIC. 8: HimeKC HHHIIflCHTHOCTII II COOTHOineHHH opneHTHpoBaHHOii HGTHOCTII 

3aMenaHHe 8. 1. J^jisi jiio6oii opiienTiipoBaHHOii hcthocth p h yMeHbinaio- 
m,ero BToporo flBioKeHiia: PeftfleMeiicTepa / : D — > D' Ha nepeKpecTKax u h v 
BBinojinaeTCH cooTHOineHne 



nocKOjibKy HH^eKCbi iiHii,nfleHTHOCTH nepexpecTKOB u h v coBnaflaiOT. 

2. OpiieHTiipoBaHHaa neTHOCTb He 3aBiiCHT ot opneHTaHHii y3jia. Bojiee toh- 
ho, ecjiH ceMeficTBO OTo6pajKeHHii p HBjiaeTCH opneHTiipoBaHHOH hcthoctbio Ha 
KaTeropHH /niarpaMM y3Jia /C, to oho jkb sbjihctch opneHTiipoBaHHOH hctho- 
CTbio Ha KaTeropiiH flnarpaMM y3Jia — /C, nojiyHaiomerocH 113 /C o6pameHHeM 
opHCHTan;iiH (3flecb mm OTOJKflecTBjiaeM ecTecTBeHHbiM o6pa30M KaTeropHH jxaa,- 
rpaMM y3jiOB /C h — /C). 

3. HeTHOCTH c KOScpcpHHiieHTaMH, onpeflejieHHbie b pa6oTe pQ, hbjihiotch 

OpHeHTHpOBaHHBIMH HeTHOCTHMH B CHJiy aKCHOM HeTHOCTH H COOTHOHieHHH BHfla 

2p(v) = (cm. [TJ Lemma 4.4]). 

yTBepjKfleHHe 2. Ylycmb p — (opuenmupoeaHHasi) Hemnocmb na Kameeopuu 
duazpaMM Tozda ceMeilcmeo omo6paatceHuu tpo '■ V(-D) — > 1i, onpedeAJieMoe 
no npaeuAy 



HQASiemcfi Hempueuaji'bHou cacl6ou HemHocmbw na Kameeopuu duazpaMM 
9ma CAa6aM uemHocmb Ha3ueaemcM HHflyHiipoBaHHOii cjia6oii neTHOCTbio. 

/JoKaaameAbcmeo. Cbohctbo (\&0) cjiepyei H3 nepBoro ycjiOBHa b onpeflejieHHH 

OpHCHTHpOBaHHOH H6THOCTH, a CBOHCTBO (^1) — H3 BTOpOTO yCJIOBHH. TaKHM 

o6pa30M, ip He sBjiaeTCH TpHBHajiBHOH cjia6oH neTHOCTbio. H3 TpeTbero ycjiOBHa 
onpeflejieHHH opneHTHpoBaHHOii hcthocth BbiTeKaeT, hto hbthocth nepeicpecT- 
kob, ynacTByioiHHx bo btopom ,n,BH>KeHHH, oflHOBpeMeHHO paBHbi jih6o He paB- 
hbi eflHHHH,e rpynnbi K03<p<pHinieHTOB, hto 03HanaeT, hto BbinojiHeHO cbohctbo 
( l J / 2). AHajiorHHHO, ecjiH pp& nepeKpecTKa H3 Tpex, ynacTByioiHirx b TpeTbeM 
/i,BH»ceHHH PeftfleMeiiCTepa, hmciot TpHBHajibHyio neTHOCTb othochtcjibho p, to 
neTHOCTb TpeTtero nepexpecTKa Taitsce TpiiBHajibHa. 3to /i,0Ka3biBaeT cboiictbo 



Pd(u)pd(v) = 1, 




Pd(v) ^ 1; 
p D (v) = 1, 



(*3). 



□ 
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1.3 Onepau,HH Ha cjia6bix neTHOCTax 

Ha cjiaGbix hbthocthx mojkho onpeflejiHTb ecTecTBeHHoe OTHOineHne HacTH^mo- 
ro nopa,n;Ka. 

Onpe,a,ejieHiie 11. IlycTb ip,ip' — cjia6bie hbthocth b KaTeropHH /niarpaMM .ft. 
By^eM roBopHTb, hto cjia6aa neTHOCTb %p hc npeeocxodum cjiaGoft hcthocth ?/>' 
{ip < ecjiH fljia jiioGoh flnarpaMMbi D G ob(&) h jno6oft BcpniHHbi v G V(-D) 
BbinojiHeHO HepaBGHCTBO iPd{v) < ipb{ v )- 

TeopeMa 2. Ilycmt) {ip a }aeA ~ ceMeucmeo CAa6ux Hemnocmeu e Kamezopuu 
duazpaMM ft. Tozda ceMeucmeo omo6pawceHuu ipo'- V(-D) — > Z 2 . D G ob(&), 
gc?e iI>d{v) = max a gyi(i/' a )i)(u) d«s naMcdozo nepeKpecmKa v G V{D), fieAsiemcH 
cacl6ou uemHocmbw. Ecjiu see cjia6ue uemnocmu if} a , a £ A, nempueuaAwu, 
mo CAa6ati Hemnocmb ifj mOMce nempueuaAwa. 

floKa3ameAt>cm60. HaM Hysmo npoBepiiTb pjisi tp BbinojmeHHe cbohctb (\&0) — 
(*3). 

(^PO). IlycTb / : D —> D' — flBieKemie PeftfleMeftcTepa h BepniHHa v £ V(D\) 
He ynacTByeT b 3tom .hbhjkchhh. Toiyja ^jih Jiio6oro a £ A iiMeeT MecTO paBeH- 

CTBO (lp a )D(v) = (lpa)D'{f*(v))- CjieflOBaTejIbHO, 

ip D {v) = max(ip a ) D (v) = max(V' Q )D' (/*(«)) = i>D>{f*(v)). 

a£A ot£A 

(^2). IlycTb / : D — > D' — yMeHbinaioiHee BTopoe flBHJKeHHe PeftfleMeftcTe- 
pa, b KOTopoM ynacTByroT BepiiniHbi u,v G V(D). Torfla (ip a )D{u) = (V'a)i)( w ) 
fljia jiio6oro a £ A. CjieflOBaTejibHO, 

4>d(u) = max(i/) a )D(«) = max('0 Q ) D (t;) = tJjd(v)- 

(^3). IlycTb f : D —> D' — TpeTte pprnKemze PeftfleMcftcTepa, b kotopom 
ynacTByiOT BepniHHbi u,v,w G V(D). Toiyja, oneBHflHO, ijj]j(u) — i>D'{f*{u)), 
i/jd(v) = i>D>(f*(v)), iPd{w) = ipD'(f*(w))- IlpeAnojiojKHM, hto ip D (u) + 
^d{v) + ^d{w) = 1 G Z. Be3 orpaHHHCHHH o6ihhocth mojkho CTHTaTb, ^ito 
Tpoiu) = V , -d( 7J ) — H iPd{w) = 1. Tor^a fljia jiio6oro a £ A HMeeM 

{^Pa)D{u) = {iPo)d{v) = 0. H3 CBOftCTBa (^3)^3 CJia6oft HeTHOCTH ip a cjie- 

AyeT, hto {i> a )D{w) = 0. Ho Tor^a Vd(w) = max QSj4 (V' ct )_D(w) = 0, 11 mh 
npiixo^HM k npoTHBOpeimo. 

(^Pl). nycTb Bee cjia6bie hcthocth ^i q , a G A, HeTpHBiiajibHbi. PaccMOT- 
Phm ,zi,HarpaMMy D h nepeKpecTOK v Ha Heft, KOToptift nojiynaeTca: nepBbiM 
^,BHJKeHHeM PeftfleMeftcTepa. no TeopeMeQ] (il) a )n (f) = Jiio6oro a G A. 
CjieflOBaTejibHO, ipDiv) = 0, h cjia6aa neTHOCTb ^ HeTpHBHajibHa. □ 

Onpe,a,ejieHHe 12. Cjia6yio neTHOCTb %j> H3 TeopeMbi [2] Ha30BeM mclkcumdmom 
na MHootcecmee cacl6ux uemHocmeu {ipa}aeA h o6o3HaHHM Kax max a gyi 

OTHomeHHe nopaflKa Ha cjia6bix hbthocthx no3BOjiaeT Bbi/i,ejiHTb cpe^H hhx 
HaHMCHbHinft h HaH6ojibiHHft sjieMeHTbi. 3aMeTHM, ^to MHHHMajibHoft cjia6oft 
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MGTHOCTbio HBjiaeTCH HyneBaH cjia6aa neTHOCTb, nocKOjibKy O < tp pjisi jik>- 
6oit cjia6oft hgthocth tp. Haii6cuibiiiHM sjigmghtom cpe,n,H Bcex cjia6bix Herao- 
CTeii HBjiHeTCH TpHBiiajibHaa cjia6aa hcthoctb 1. PaccMOTpiiM Tenept tojibko 
HeTpHBiiajibHbie cjia6bie hgthocth. 

Onpe,a,ejieHHe 13. HeTpiiBiiajibHyio cjia6yio HeTHOCTb tp max b KaTeropim jxa&- 

rpaMM & Ha30BeM MCLKCUMaAbHOU, eCJIH flJIH JIIO60H HGTpHBHajlbHOH cjia6oH HCT- 
HOCTH tp Ha A BepHO HepaBeHCTBO tp < Ipmax- 

Cjieflyiomee yTBepjK^eHHe OHeBH/nio cjie/iyeT H3 TeopeMbi [5] floCTaTOHHO b 
KanecTBe ceMeiicTBa cjia6bix neTHOCTeii {ip a }ai£A b3htb mhojkcctbo Bcex hgtph- 
BHajibHbix cjia6bix HeTHOCTeii b KaTGropiin M.. 

Cjie,a,CTBHe 1. B mo6ou namezopuu duazpaMM A cyuificmeyem eduHcmeeHHasi 
MaKCUMantnasi HempueuaAt>Haji cjia6asi Hemnocmb. 

JX&jiee mbi fla/niM onncaHne MaKCHMajibHoii cjia6oH neTHOCTH pjw HeKOToptix 
KaTeropnii /niarpaMM. 

HHTepnpeTau;HH cjia6bix HeTHOCTeii KaK cpynKTopHajiBHtix OTo6pa:HceHHH jx&- 
eT B03MOJKHOCTB onpeflejiHTb yMHOJKeHHe cjia6bix HeTHOCTeft. 

Onpe^ejieHHe 14. IlycTb tp, ip' — cjia6bie hbthocth Ha BHpTyajibHbix/njiocKHx 
y3Jiax, h — cooTBeTCTByiomHe hm cpyHKTopHajitHtie OTo6pajKeHHH. Tor^a 
cjia6aa neTHOCTb tp otp', cooTBeTCTByiomyio cpyHKTopHajibHOMy OTo6pajKeHHio 
\l/ o vjr', Ha30B6M npou3eedeHueM cjiaGtix neTHOCTeft tp,tp'. 

3aMeHaHHe 9. HecjioacHO npoBepHTt, hto tp o tp' > tp' pjix jno6bix cjia6bix 
neTHOCTeft tp,tp'. B hbcthocth, OTCiofla cjie^yeT, hto tp o tp max — tp max pjm 

JII060H HCTpHBHajIBHOH CJia6oH ^eTHOCTH tp. 

2 Cjia6bie hgthocth rjisi y3jioB Ha (pHKcnpoBaH- 

HOH nOBepXHOCTH 

IIycTi> & — KaTeropna: flnarpaMM y3Jia (njiocKoro y3jia) /C, jiejKamero Ha cpHK- 

CHpOBaHHOH flByMepHOH CBH3HOH 3aMKHyTOH OpHGHTHpOBaHHOH nOBepXHOCTH S. 

IIpHMep 3 (roMOTonHnecKaH cjia6aa HerHOCTb). OnpeflejiHM zoMomonune- 
CKyw cAa6yw lemwocmb ^phom CJie( nyioiiniM o6pa30M: pjisi /piarpaMMBi D 11 nc- 
peKpecTKa v £ V(D) nojiojKHM tp , ^' m (v) = 0b tom h tojibko tom cjiynae, KOiyja 
b roMOTonn^ecKoii rpynne 7Ti (S 1 , v) BbinojiHeHO coothoihchhc 

[Dv] = [D] 1 (1) 

pjisL HexoToporo nejioro HHCjia /. 3p,ecb D v — o/i,Ha H3 hojiobhhok y3Jia b 
BcpniHHe v (cm. pnc. [9j. Hhbimh cjiOBaMH, ipjj m (v) = 0, ecjm roMOTonHne- 
ckhh Kjiacc nojiOBHHKH D v jie>KHT b no,n;rpynnc, nopcoKfleHHOii roMOTOnHHecKHM 
KjiaccoM y3Jia IC. 
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d d v d; 



Phc. 9: IIojiobhhkh y3Jia b nepexpecTKe 



3aMeTHM, hto Kjiaccbi [D v ] h [D] onpeflejieHbi HeojxH03HaHHo: y y3Jia ecTb 
jxBe nojiOBHHKH D v h D' v b Bepniime v, c jxpyroft CTopoHbi, roMOTonHnecKHH 
Kjiacc [JC] paBeH o,a,HOMy H3 flByx npoH3Be,n,eHHH [£).„] [_D(J hjih [D' v ] [D v \. TaKHM 
o6pa30M, HMeeTCH neTbipe BapnaHTa paBCHCTBa ([T]). TeM He MeHee, ecjiH paBeH- 
ctbo cnpaBefljiHBO pjia KaKoro-jin6o ojiHoro BapiiaHTa, to oho BepHO h ajih Bcex 
ocTajibHbix (bo3mojkho, c flpyrHMH SHaneHHHMH CTeneHH I). 

HanpHMep, nycTb [D v ] = ([D V ][D' V ]) 1 . Tor A a [D' v ] = [A,]" 1 [D„] [£>(,] = 
([-D-ujf-Dj,]) 1 . B 3tom cjiynae sjieMeHTbi [D v ] h [D' v ] KOMMyTHpyiOT, h 
i D vW v ] = [D' V }[D V ]. 

yTBepxflerae 3. CeMeucmeo omo6pamceHuu tf; hom sieAsiemcM cJia6ou Hemno- 
cmbK). 

ffoKa3ameAt>cmeo. IlycTb D — HeKOTopaH jxnarpaMMa h v — ee nepeKpecTOK. 
CooTHonieHHe ([T]) He MeHaeTCH npn roMOTonnn kphboh, o6pa30M KOTopofl hb- 
jiaeTCH flnarpaMMa D, ecjin 3Ta roMOTonna: He 3aTparHBaeT nepexpecTOK v. 
CjieflOBaTejibHO, pjisi ip hom BbinojiHeHO cbohctbo (^0). 

IIpOBepHM cbohctbo (\&2). IlycTb nepeKpecTKH u h v ^niarpaMMbi D ynacT- 
ByiOT bo btopom ,n,BH>KeHHH PenfleMeiicTepa. Tax KaK ^ByyrojibHHK, o6pa30- 

BaHHblH BepiHHHaMH U H V CTHTHBaeM, TO MM MOJKeM OTOJK^eCTBHTb TOMOTO- 

miHecKHe rpynnbi ni(S, u) h tti(S,v). Ilpn 3tom hojiobhhkh y3jia D u h D' u 

OTOJK,fl,eCTBJIHK)TCH K nOJIOBHHKaMH D v H D' y . CjieflOBaTejIbHO, COOTHOHICHHC 
[D u ] — [D] SKBHBajieHTHO COOTHOHICHHK) [D v ] = [D] . TaKHM o6pa30M, neT- 

hocth nepeKpecTKOB u h v OTHOCHTejibHO ip hom coBnaflaiOT. 

IlycTb u, v h w — nepeKpecTKH jxnarpaMMbi D, ynacTByioiinie b TpeTbeM 
^bhjkchhh PeftfleMeiicTepa. 06o3na ii iHM (b nopHjjKe o6xofla y3Jia) fljiHHHbie ,zry- 
rn jjnarpaMMbi D, coejxHmnoiHHe nepeKpecTKH u, v h w, KaK a, /3 h 7 (cm. 
phc. UOp . TpeyrojibHHK, o6pa30BaHHbm nepeKpecTKaMH, mojkho CTjmyTb b toh- 
Ky a; G S. IlpH stom a, /? h 7 OTOK^ecTBjiaiOTCH c nojiOBHHKaMH D Ul D v h 

D w COOTBeTCTBeHHO. H 3TO COOTBCTCTBHe HC 3aBHCHT OT nOpflflKa COejTHHCHHH 

BcpniHH u, d m id b .zniarpaMMe D. Hnace mm 6ya,eM Hcnojib30BaTb o6o3HaHCHHH 
a, /3 h 7 fljia roMOTonnnecKHx KjiaccoB cooTBeTCTByioiHHx KpHBbix. 3th Kjiaccbi 
hbjishotch sjieMeHTaMH rpynnbi ■K\{S 1 x). 

IlpeflnojiojKHM, hto cpe/ni nepeKpecTKOB u, v h w o^hh HeneTHbiii h /i,Ba neT- 
hmx. He orpaHHHHBaa o6hj;hocth, mojkho CHHTaTb, hto HeneTHbiM nepeKpecT- 
kom HBjiaeTCH w. IIojiobhhkh y3Jia b nepeKpecTKe u paBHbi COOTBeTCTBeHHO a h 
f3j. TaK KaK nepeKpecTOK u hcthmh, HMeeT MecTO cooTHomeHHe a = (aj3y) ^jih 
HeKOToporo / G Z. KpoMe Toro, KaK 6mjio saMeneHO Bbinie, Kjiaccbi hojiobhhok 



13 




Phc. 10: CTHriiBaHiie TpeyrojibHiiKa b TOHKy npii pa3jiiiHHbix cnoco6ax coe/ni- 
hghhh ero BepniHH b .zniarpaMMe D 

KOMMyTiipyiOT, TaK hto a/?7 = j3ya. AHajioriiHHO, pjia nepeicpecTKa v Bbinoji- 
hsiotch cooTHOineHHH ft = (f3ja) m , m £ Z, 11 j3^fa = ^afi. Cjie^OBaTejibHO, mm 

HM66M 

a/3 = (a/37) ; (/37a) m = (7«/3)' +m , 

OTKyn,a 7 = (70!/?) —m . TaKHM o6pa30M, nepeKpecTOK w TOJKe pfyjiynen 6bitb 
HCTHbiM. IIojiyHCHHoe npoTHBopenne noKa3biBaeT, hto ceMeitcTBO OTo6paa;cHHH 
ip hom o6jia r zi;aeT cbohctbom ( 1 &2), a 3HanHT, aBjiaeTca cjia6oii ieTHOCTbio. □ 

TeopeMa 3. FoMomonuHecKasi HemHocmt> neAsiemcfi MaKcuMaAwou nempu- 
euaJi&Hou c/ia6ou uemHocmbto. 

KjHoneBoft fljifl /i,OKa3aTejibCTBa TeopeMbi HBjiaeTCH cjieflyioiHaH jieMMa. 

JleMMa 1. Ilycmb D — duazpaMMa y3Jia ua noeepxHocmu S u v € V(D) - 
nepeKpecmoK, maKou nmo [D v ] = G ni(S,v) djin oduou U3 uoaoguhok y,3Aa e 
nepeKpecrriKe v. Tozda 3ak HempueuaAtHou ak>6ou cacl6ou Hemnocmu ip UMeeM 
ip D (v)=0. 

JJ^oKaaameAtcmeo. Ecjih y3eji /C HBjiaeTCH njiocKHM, to ecTb b KaTeroproi & 
He pa3JiHHaiOTca: npoxo/i,bi 11 nepexoflbi, to roMOToniiio iiojiobhhkh D v b toh- 
Ky moscho npe^CTaBHTb KaK nooieflOBaTejibHOCTb flBieKeHiift Pefi^eMeiicTepa. 
Siia^iiT, nojiOBHHKy D v ^bhjkchhhmh Pcfl^eMeHCTepa mojkho npeo6pa30BaTb b 
npocTyio neTjno b OKpecTHOCTH nepexpecTKa v (cm. piic. Hip . Ho Tor/ja i/j(v) 
6yn,eT paBHO no CBOftcTBy (^1). 

JXflH ^,OKa3aTejibCTBa jieMMbi b HenjiocKOM cjiynae HaM noTpe6yiOTCH Bcno- 
MoraTejibHbie yTBepjKfleHna. 

JleMMa 2. JJam aw6ou nempueuaAbHou CAa6ou Hemnocmu 

• Hemnocmu eepuiun e aAbmepnupoeaHHOM deyyzoAtHUKe coenadawm; 
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Phc. 11: ^OKaaaT&jibCTBO .tommm jiim njiocKoro y3jia Ha noBepxHOCTH 

• hucao Henemmix eepuiun e aAbmeptiupoeannoM mpeyzoAtHUKe paeno 0, 2 
au6o 3. 

/ 



Phc. 12: AjibTepHHpoBaHHbiii flByyrojibHHK h TpeyrojibHHK 

/JoKasameAbcmeo. IlycTb nepeKpecTKH u h v o6pa3yic>T ajibTepHHpoBaHHbiii 
flByyrojibHHK. Ilpn noMOinn nepBoro jxbhjkchhh PeftfleMeftcTepa o6pa3yeM Ha 
Ayre, coe/nimnomeH u h v, nepeKpecTOK w, hto6m k nepeicpecTKaM u,v h w 
mo)kho 6bijio npHMeHHTb TpeTbe /i,BHJKeHHe Peft^eMeHCTepa (cm. phc. 1 13[) . Ile- 

pCKpCCTOK W, COrjiaCHO CBOHCTBy (VPl), HBJIHeTCH HeTHbIM, TaK HTO HeTHOCTH 

nepeKpecTKOB u h v ^ojBKHbi coBnajiaTb, hto6m BbinojiHHjiocb cbohctbo (^3). 




Phc. 13: ,HpKa3aTejibCTBO jicmmm ,h,jih ajibTepHHpoBaHHoro iiByyrojibHHKa 

IlycTb nepeKpecTKH u, v h w o6pa3yiOT ajibTepHHpoBaHHbiii TpeyrojibHHK. 
Ilpn noMom,i BToporo flBH»ceHHa PeiifleMeiicTepa ^o6aBHM nepeKpecTKH tut' 
(cm. phc. I14p. CorjiacHO (^3), KOjiHiecTBO HeneTHbix nepe-KpecTKOB cpe/ni v, w 
h t mojkbt 6biTb paBHO 0, 2 hjih 3. Ho hbthocth nepeKpecTKOB tat' coBna,a,aiOT, 
corjiacHO (^2), a coBna^eHHe neTHOCTeii nepeKpecTKOB t h u, o6pa3yioiHiix 
ajibTepHHpoBaHHbiii flByyrojibHHK, cne/ryeT H3 ,n,OKa3aHHoro Bbinie. 

TaKHM o6pa30M, jieMMa [2] A OKa3aHa - d 

JleMMa 3. /{am aw6ou nempueuaA'bHou CAa6ou nemnocmu 

• Herrmocmu eepuiun u,v e nepeceneuHOM deyyzoAbHUKe coenadamm; 

• eepuiuna u e nepeceneuHOM odnoysoAbHUKe neAsiemcti Hemnou 
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Phc. 14: ^OKaaaTejibCTBO jieMMbi pjisi ajibTepmipoBaHHoro TpeyrojitHHKa 



npu jiw6om eu6ope npoxodoe u nepexodoe e nepeKpecmKax (cm. puc. \15\) . 



r !J^OKa3ameA'bcmeo. PaccMOTpiiM nepeceneHHbiii ^ByyrojibHHK c BepniHHaMH 
u,v. B cjiynae, Kor,a,a nepeceKaiomyio flyry mojkho BtiTamHTb H3 flByyrojit- 
HHKa npH noMOiHH TpeTbero /jbhjkchhh , coBnaflCHiie neTHOCTeii BepniHH u h v 
cjieflyei H3 CBoiicTBa (^O), a TaiQKe CBOiicTBa (^2) jih6o jieMMbi[2j 

IlpeflnojiojKHM Tenepb, mo nepeceicaioiHyio flyry H3 flByyrojitHHKa ya,ajiHTb 

TpeTbHM flBESCeHHeM HejIB3H (CM. PHC. I16[) . r I[,o6aBHM npH nOMOIHH BTOpOrO flBH- 

jkchhh PefifleMeitcTepa nepexpecTKH w nw' . IlpoBe,ii,eHHi>ie Bbiine paccyscfleHiifl 
noKa3biBaiOT, hto ^cthocth nepeKpecTKOB unw coBna^aiOT. C flpyrofi CTopoHti, 
hcthocth ncpcKpecTKOB w h w' coBimflaiOT, corjiacHO CBOiicTBy ( V E'2), a neTHO- 
cth nepeKpecTKOB w' H v coBnaflaiOT no jieMMe [5] TaiaiM o6pa30M, hcthocth 
nepeKpecTKOB u h v paBHti. 



Phc. 16: ^OKasaTejibCTBO jicmmbi pjin nepeceieHHoro flByyrojibHHKa 

PaccMOTpiiM nepeceneHHbiii o^HoyrojibHHK c BepniHHOH u (cm. pHC. I15l cnpa- 
Ba) . Ilpn noMOiHH nepBoro ^bhjkchhh PcflfleMeiicTepa Mbi mojkcm co3^aTb BBep- 
xy neTjiH nepeKpecTOK v, KOToptifi 6yn,eT hcthmm, corjiacHO CBOiicTBy II e- 

pexpecTKH u h v 6yn,yT o6pa30BHBaTb nepeceneHHbiii flByyrojitHHK, noaTOMy hx 




Phc 15: IlepeceneHHbiH flByyrojibHHK h OflHoyrojibHHK 
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neTHOCTH 6y^yT o/nmaKOBbi. CjieflOBaTejibHO, nepeKpecTOK u neTHtiii. JIeMMa[3] 
flOKa3aHa. □ 



Cjie/jyioinaa jieMMa flBjiaeTca aHajioroM jieMMM 4.7 H3 pa6oTbi pQ. 

JleMMa 4. Ilycmb duazpaMMa D ozpanuHueaem na noeepxHocmu Mnozoyzcuib- 
huk, eepmuHdMU Komopozo aeAsnomcsi nepeKpecrriKU vq, Vi, . . . , v n . Ilpednojio- 
ok.um, nmo nepeKpecrriKU v\ , . . . , v n sieAsiromcsi uemnuMU omHocumeAbHO neKO- 
mopou cjia6oil uemHocmu ip. Tozda nepeKpecmoK vq mootce Hemnuu omnocu- 
meAbHO ip. 

ffoKa3ameM>cm60. ,U,0Ka3aTejibCTB0 Be^eTca no HH/ryKiniii. Ilpn n = 0,1,2 
yTBepjKflemie cjie^yeT H3 cbohctb (Wl), (^2) n (\&3) cooTBeTCTBeHHO (a Taicsce 
jieMMbi [5]) • 

IlycTb yTBepjK^enne jieMMbi BepHO npn n < k. PaccMOTpiiM cjiynan n = 
+ IlycTb HMeeTCH (/c + 2)-yrojibHHK Vo,v±, . . . , ffc+i, b kotopom nepeKpecTKH 
v\, . . . , ffc+i neTHBie. IlpHMCHHM yBejinnnBaioinee BTopoe ^BHJKeHne Peft^eMen- 
CTepa k pe6paM vqvi h VkVk+i , co3/i,aB ppa, hobbix nepexpecTKa w n w' . Ha MecTe 
(fc + 2)-yrojibHHKa nosBHTCH TpeyrojitHHK vowvk+i, ^ByyrojitHHK to' h (k+l)- 
yrojibHHK w'vi . . . Vk (cm. pHC.I17|). Ilo npeflnojiojKCHHio HHflyKirnn nepeKpecTOK 



w' 6ypfiT neTHbiM. CorjiacHO CBOiicTBy (\&2) hcthbim oxajKeTCH n nepeKpecTOK 
w. IIocKOjibKy Wfe+i TOJKe HBjiaeTCH hcthoh, to ocTaBinaacH BepniHHa vq b Tpe- 
yrojibHHKe voWVk+i 6ya,eT nemoA no CBOiicTBy ('5 3) jih6o jieMMe[5] 



3aBepniHM ,noKa3aTejibCTBO jicmmbi [T] 

PaccMOTpnM nepeKpecTOK u /niarpaMMti D, nojiOBHHKa KOToporo D u cih- 
rnBaeTCH b TO^iKy (cm. pnc. I18|) . Ilponecc CTarnBaHna mojkho npe-flCTaBHTt k&k 




Phc 17: /],OKa3aTejibCTBO jicmmbiU] 



JleMMa d] ,n,OKa3aHa. 



□ 




u 



Pnc 18: ToMOTonnHecKH TpnBnajibHaH nojiOBHHKa 
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npoeKHino HeKOTopoit roMOToniiH y3Jia b yTOjimeHHH noBepxHOCTii S x I. JX&h- 
Haa roMOToniis npeflCTaBjiaeTca KaK nocjie-flOBaTejibHOCTB H30TonHH b S x / h 
MOMeHTOB caMonepeceneHiiH y3Jia, KOToptie npn npocKiniH Bbirjia,naT KaK one- 
painiH 3aMeHbi npoxo,a,a Ha nepexofl b HeKOTopoM nepeKpecTKe (cm. phc. I19[) . Mbi 




Phc. 19: 3aMeHa npoxo^a Ha nepexofl b nepeKpecTKe 

MO/n«pHHHpyeM nponecc tomotoiihh ,n;o6aBjiHa b momcht 3aMeHbi nepeKpecTKa 
He6ojibHiyio neTjiio, hto6bi H36e:scaTB caMonepeceneHHit (cm. phc. I20[) . B pe- 




Phc 20: ,I[o6aBjieHHe neTjiH bmccto 3aMeHbi CTpyKrypBi nepeKpecTKa 

3yjiBTaTe mbi nojiyHHM H30Tonnio y3jia, npoeKHiia KOTopoft nepeBCflHT nojio- 
BHHKy D u b MajieHbKyio neTjiio c flo6aBjieHHbiMH "OTpocTKaMH" (cm. pac. 12 1[) . 
IIpHMeHHM BTopoe flBHJKeHHe PeftfleMeiicTepa Heo6xoflHMoe hhcjio pa3, *ito- 




Phc. 21: CTHHyTaa nojiOBHHKa c OTpocTKaMH 



6bi o6pa30Bajica MajieHBKHH MHoroyrojiBHHK, coflepacanniH nepeKpecTOK u, 
Bee ocTajiBHBie BepniHHBi KOToporo cooTBCTCTByiOT "oTpocTKaM M (cM. phc. I22p . 
3aMeTHM, hto Bee sth BepniHHBi 6y^yT hcthbimh, nocKOjibKy KajKflbin otpoctok 
mo)kho pa36nTB BTopbiMH flBHxeHEHMH Ha (bo3mojkho, nepece^enHbie) AByy- 
rojibHHKH (cm. jieBBifi BepxHHH otpoctok Ha pnc. I22|) . TaK hto Bee nepeKpecTKH 
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Phc. 22: ^oSaBjieHHe nepeKpecTKOB b kohhc otpoctkob 

OTpocTKa 6yayT HMeTb o/niHaKOByio neTHOCTb, corjiacHO CBOiicTBy (^2) h jieM- 
MaM l2l3l 3ia neTHOCTb 6yn,eT coBna^aTb c neTHOCTbio nepBoro nepeKpecTKa ot- 
pocTKa, KOToptiii aBjiaeTCH BepniHHOii nepeceneHHoro o/nroyrojibHHKa, a 3HaHHT, 
neTeH. TaKiiM o6pa30M, nepexpecTOK u HBjiaeTCH BepninHon MHoroyrojibHHKa, 
ocTajibHbie BepniHHbi KOToporo HeTHbi. CjieflOBaTejibHO, no jieMMe 01 nepeKpe- 
ctok u neTHbiii. 

JleMMa Q] ^,OKa3aHa. □ 

floKaaameA'bcmeo meopeMu\^ HaM ^,ocTaTOHHO noKa3aTb, hto rjisi jik>6oh cjia- 
6oit hcthocth ip Ha KaTeropiiii flnarpaMM y3Jia b noBepxHOCTH S coothohic- 
hhc (JTJ) Bjie^eT HeTHOCTb cooTBeTCTByioinero nepeKpecTKa. 

06o3HanHM nepe3 L mhojkcctbo nejibix nnceji, o6jia,n,aioinHx cjie/ryioiHHM 
cbohctbom: I G L, ecroi ^jia jik>6oh ^narpaMMbi D, nepeKpecTKa v G V(D), 
Taxoro hto [D v ] = [D] 1 G tti(S,v) ^jih HeKOTopoii iiojiobhhkh D v y3Jia b v, h 
jik>6oh cjia6oH hcthocth ip HMeeT MecTO cooTHOineHHe iPd( v ) = 0. 

CorjiacHO jieMMe [T] BbinojmeHO bkjhotchhc G L. 

OneBHflHO, hto H3 I G L cjie^yeT 1 — I G L (sto cooTBeTCTByeT nepexo/jy ot 
o,h,hoh nojiOBHHKe k flpyroit). TaKHM o6pa30M, 1 = 1 — G L. 

IIoKajKeM Tenepb, hto H3 I € L cjieflyeT I — 1 G L. IlycTb I G L n pjin 
nepeKpecTKa v BbinojraeHO cooTHomeHiie [D v ] = [D] 1 ^ 1 . 3aBH»ceM pa/jOM c ne- 
peKpecTKOM v neTjno c roMOToninecKHM TraoM [D u ] = [D] (3,a,ecb mm tojk- 
flecTBjiaeM cpyimaMeHTajibHbie rpynnbi c 6a30BbiMH TOHKaMH, npHHa^jiejKainn- 

MH CTHrHBaeMOH OKpeCTHOCTH TOTKH v) . HeTHOCTb nepeKpeCTKa V npH 3TOM 

He H3MeHHTca corjiacHO CBOiicTBy (^O). IIpHMeHHM BTopoe flBHJKeHne Pen^e- 
MeiicTepa, o6pa30BaB nepeKpecTOK w. roMOTonnHecKnii ran hojiobhhkh y3jia b 
nepeKpecTKe w paBen 

[D w ] = [D V ][D U ] = [Dt^D] = [D] 1 . 

Tax KaK I d L, nepeKpecTOK w OKa3biBaeTCH neTHbiM. IIocKOJibKy 1 € L, ne- 
peKpecTOK u tojkb neTeH. Ho nepexpecTKH u, v h w o6pa3yiOT TpeyrojibHHK. 
3Ha*iHT, corjiacHO CBOiicTBy (\&3) jih6o jieMMe[2j nepeKpecTOK v 6y^,eT ^cthhm. 
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Phc. 23: ^],OKa3aTejibCTBO nepexo^a I — > I — 1 



TaKiiM o6pa30M, Bee nejibie HHCjia, He npeBOCxo,zifliHHe 1 jiexaT b L. Cjieflo- 
BaTejibHO, N 6 L, Tax k&k pjm jiio6oro n G N BbinojmeHO n = 1 — (1 — n) h 
1 - n < 1. Tor^a L = Z. 

HTaK, jno6oft nepeKpecTOK, neTHbiii othochtcjibho roMOTonH^ecKoii hctho- 

CTH, HBJiaeTCH HeTHbIM ,H,JIH JIK560H HCTpHBHajTbHOH CJia6oH HeTHOCTH. Slia^IHT. 

roMOTonHnecKaa: hcthoctb %f; hom HBjiaeTCH MaKCHMajibHofl. □ 

Cjie,a,CTBHe 2. Ha KJiaccuuecKux y3Aax Aw6asi cAa6a.fi uemHocmb fieAsiemcH 
nyAeeou au6o mpueuaAbnou. 

ffoKa3ameAt>cmeo. KjiaccinecKiie y3jn>i cyrb y3Jibi Ha ccpepe. Tax Kax epyHfla- 
MeHTajibHaa rpynna ccpepbi TpHBnajibHa, to Bee nepexpecTKH hbjihiotch neT- 

HblMH OTHOCHTdlbHO rOMOTOnHHeCKOH HGTHOCTH, TO eCTb lf) hom = O. TaK KaK 

roMOTonnnecKaH neTHOCTb MaKCHMajibHa, jnoGasi HCTpHBHajibHaa cjia6aa neT- 
HOCTb coBna/iaeT c HyjieBoft. □ 

TaKHM o6pa30M, KaK h b cjiynae neTHOCTeii (cm. [I] Corollary 4.2]), Teopna 
cjia6bix leTHOCTeii CTaHOBHTCH TpHBHajibHoii na KjiaccHnecKHx y3Jiax. 

ITepecpopMyjinpoBKa cjieflCTBHH [2] Ha h3hk (pyHKTopnajibHbix OTo6pa*;eHHH 
npHBOflHT k cjie,zryioiHeMy pe3yjibTaTy. 

Cjie,a,CTBHe 3. OzpaHuuenue Ato6ozo nempueuaAbHozo cfjyHKmopuaAbHozo 
omo6paotceHUfi na KAaccuuecKue y3Au sieARemcsi mootcdecmemwbiM omo6pacnce- 
HueM. B uacmHocmu, nempueuaAbHoe QiywKmopuaAbnoe omo6paotceHue eupmy- 
CUibHUX y3A0e, npuHUMawmee SHauenue e KAaccuuecKux duazpaMMax y3Aoe, 
ecmb npoeKv,ufi na KAaccunecKue y3AU. 

OnnnieM Tenepb Bee cjia6bie hgthocth pjin y3jiOB Ha 3a,naHH0fl: ^,ByMepHoft 
noBepxHOCTH. IlpH 3tom Mbi HajiojKHM Ha flnarpaMMbi y3jia HeKOTopoe Heo6pe- 
MeHHTejibHoe orpaHHneHHe - - noTpe6yeM, iTo6bi /niarpaMMbi npoxo^uijiH nepe3 

CpHKCHpOBaHHyiO TOHKy Ha nOBepXHOCTH. 

IlycTb K, — y3eji b yTOjnneHHH cbsbhoh opneHTHpoBaHHOH 3aMKHyT0ii no- 
BepxHOCTH S, a z — HeKOTopaa TOHKa Ha noBepxHOCTH S. PaccMOTpHM KaTero- 
pnio flnarpaMM & z , o6T.eKTaMH KOTopoii hbjihiotch /rnarpaMMbi y3jia /C, co^ep- 
)KaiHHe TOHKy z, npnneM z He HBjiaeTca: nepeKpecTKOM. Mop<pH3Mbi KaTeropnn 

— 3TO H30TOnHH H flBHJKCHHH PeHfleMCHCTpa, OCTaBJIHIOIHHe TOHKy Z HenOflBHJK- 

Hoft, a TaKJKe hx komho3hhhh. 

Teopeivra 4. HMeemcti ecmecmeeHHasi 6ueKv i UM Meatcdy CAa6uMU uemHocmjiMU 
na Kamezopuu duazpaMM & z u nodzpynnaMU c/jyudaMenmaAbHou zpynnu H C 
tt\{S,z), maKUMU, umo [JC] £ H. 
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IIpu 3adaHH0u nodzpynne H coomeemcmeymu^asi CAa6ati HemHocmb ip 
onpedeAJiemcM CAedymuiALM o6pa30M: nepeKpecmoK v duazpaMMU D sieAfiem- 
cm HemtiUM, m.e.ip]j(v) = 0, mozda u moAtKo mozda, Kozda [D v ] G H , zde D v 
— amo npueedeHHasi k z no/ioeuHKa duazpaMMU e nepenpecmKe v (cm. puc. \2I$ . 




Phc. 24: ITpHBefleHHas: iiojiobhhkr jTHarpaMMbi b nepexpecTKe v 



3aMeHaHHe 10. Onpe^ejieHHe npHBejj,eHHOH iiojiobiihkii 3cIbhcht ot opneHTa- 
hhh y3Jia, OijHaKO, KaK mbi noKaaceM HHJKe npn jj,OKa3aTejibCTBe TeopeMti, Ha 
BBinojiHGHiie ycjiOBHH neTHOCTH nepexpecTKa Bt>i6op opneHTaHHH y3Jia bjihhhhh 
He OKa3biBaeT. 

floKaaameAtcmeo. IlycTb H — nojxrpynna b it\{S, z), co,n,epjKaHi,aH sjieMeHT 
[K]. noKajKeM, hto ceMeftcTBO OTo6pa*:eHHH ip H = {tpp}, V(-D) — > Za, 
D G ob(& z ), onpeflejiaeMoe ycjiOBHeM 



0, [D v ] G H; 

1, HHane, 



HBjiaeTca cjia6oH hcthoctbio. 

IloKa>KeM CHanajia, mo hcthoctb nepexpecTKa He 3aBHCHT ot Toro, tomoto- 
nHHecKHfi Kjiacc KaKoii hojiobhhkh npoBepaeTCH Ha npHHafljiejKHOCTH nojrrpyn- 
ne H , a TamKe ot opneHTaHHH y3Jia. 

PaccMOTpHM nepeKpecTOK v h o6o3HanHM jxyry y3Jia, coe/niHHiOHryio (b Ha- 
npaBjieHHH o6oxo,n,a y3jia) tohkh z h v, KaK 71; (HenpHBefleHHyio) nojiOBHHKy 
y3Jia b nepeKpecTKe v, He coflepjKanxyio z, KaK a; h flyry, coejTHHjnomyio ( n0 
HanpaBjieHHio o6xojj,a y3Jia) v h z, KaK 72 (cm. phc. I25[) . Toiyja roMOTonH^ecKHH 




Y2 

Phc 25: IlepeKpecTOK b jxnarpaMMe c OTMeieHHOii to^ikoh z 

Kjiacc ojthoh npHBefleHHOft hojiobhhkh b nepexpecTKe v paBeH [D v ] = [71 cryj -1 ] 
a APyroft — paBeH [£>',] = [-yia^Jia^ 1 ^ 1 ] = [D^D" 1 ], r^e [D] = [71072] - 
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roMOToniiHecKiiii Kjiacc flHarpaMMM (h y3jia). Tax KaK [D] G H, iiojiobhhkh 
[D v ] h [D' v ] npHHafljiejKaT jih6o He npHHajijiejKaT no^rpynne H o,n,HOBpeMeHHO. 

IlpHBefleHHaH nojiOBHHKa /niarpaMMbi b nepeKpecTKe npn npoTHBonojio»c- 
hoh opneHTaniiH y3jia paBHa (-D) — 7 2 ~ 1 a~ 1 72- Tor^a HMeeT mccto paBeHCTBO 
[(— D) J = Tax Kax [D] e H, ycjiOBne [D v ] 6 H SKBHBajieHTHO 

ycjiOBHio [{-D)J e H. 

IIpoBcpHM Tenepi. BbinojmeHHe ycjiOBHil cjia6oii hcthocth. 

Cbohctbo (\l/0) cjie^yeT H3 Toro, hto roMOTonnnecKHH Kjiacc hojiobhhkh 
flnarpaMMbi b nepeKpecTKe He MeiraeTCH npn h30toiihh h /jBiDKeHirax Pen^e- 
MeiicTepa, npn KOTopbix nepeKpecTOK coxpaHHeTca, oflHaKO cjie^yeT npoBepHTb 
CHTyanmo, Korjia nepeKpecTOK /niarpaMMbi v nepexo^HT nepe3 TOHKy z (cm. 
phc. 1261) . O^xxsnanmA nepe3 a h (3 (HenpHBe,a,eHHbie) iiojiobhhkh /niarpaMMbi b 




Phc. 26: ITepexo,zi, nepeKpecTKa nepe3 OTMeneHHyio TO^Ky z 

nepeKpecTKe v. KopoTKyio flyry, coe/niHinomyio v vl z, mojkho CTjmyTb b toh- 
Ky; npn 3tom hojiobhhkh /niarpaMMbi pp nepexo^a nepeKpecTKa nepe3 z mojkho 
OTO?K,n,ecTBHTfa c cooTBeTCTByiomHMH nojiOBHHKaMH nocjie nepexofla h paccMaT- 
pHBaTb KaK neTjiH c HanajiOM b tohkc z. IIpHBefleHHaa nojiOBHHKa D v b Ha- 
najiBHOH ^narpaMMe paBHa a, nocjie nepexo/i,a eit cooTBeTCTByeT npHBeflCHHaa 
nojiOBHHKa D' v = afia^cT 1 (cm. pnc. ESJ). Tor^a [D' v ] = [D] [D v ] [D]- 1 . Ta K 
KaK [D] £ H, neTHOCTb nepeKpecTKa npn nepexo/je nepe3 z He MeHHeTca. 

IIpoBepHM cbohctbo (^2). IlycTb BepHiHHbi u h v npHHHMaiOT ynacTHe BO 
btopom /irjHJKeHHH PefifleMeHCTepa (cm. pnc. 1271) . Toiyja D u — 7i<5ia<527j~ 1 h 
D v = jiSiaSi . TaK KaK Majibie .nyrn 62 h S^ 1 roMOTomibi KaK KpHBbie c 
3aKpenjieHHbiMH kohhcimh, HMeeT MecTO paBeHCTBO [D u ] — [D v ], cjieflOBaTejibHO, 
nepeKpecTKH u h v hmciot o/niHaKOByio neTHOCTb othochtcjibho ip H . 



Yi a 




Y 2 

Phc. 27: ,HpKa3aTejibCTB0 CBoiicTBa (\&2) 
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IIycTb nepeKpecTKH u, v h w ynacTByiOT b rpeTbeM ^BHJKeHHH (cm. pHC. I28p . 
Tor^a hx npHBefleHHbie iiojiobhhkh paBHti D u = 710:7-^ x , D v = "fiafia^ 1 ^ 1 h 



a 




Phc. 28: ^OKasaTejibCTBO CBoficTBa ('53) 

D w = 7ia/3727i/3~ 1 a~ 1 7f CneflOBaTejibHO, [D w ] [D v ] [D u ] = [710^72] = [D] £ 
H. OTCK),zi;a BbiTexaeT, hto KOJinnecTBO nojiOBHHOK nepexpecTKOB, roMOTonHne- 
ckhh Kjiacc KOToptix npHHafljiejKHT no^rpynne H, MoaceT 6biti> paBHbiM 0, 1 
mm 3. HHbiMH cjiOBaMH, KOjiHHecTBO HeneTHbix nepeKpecTKOB cpe^H U, V H w 
He MOKeT 6bitb paBHO 1, hto ,n,OKa3biBaeT cbohctbo ( , J / 3). IlpoBepKa CBOiicTBa 
(^3) flJia flpyrnx KOHCpHrypain-iii nepeKpecTKOB npoH3BOflHTCH aHajiornHHO. 

TaKHM o6pa30M, mh noKa3ajiii, hto ip H HBjiaeTCH cjiaGoft neTHOCTbio. IIpo- 
BcpiiM Tenepb, hto jno6aa cjia6aa: neTHOCTb Ha KaTeropHH /niarpaMM R z paBHa 
ip H HeKOTopoft noflrpynnbi H. 

IlycTb ip — HeKOTopaa cjia6aa neTHOCTb Ha M. z . 

IIpeflnojiojKHM, hto flnarpaMMa D co,a,ep}KHT nepeKpecTKH u h v, Taiaie 
hto [D u ] = [Dv] £ fti(S,z). IIoKajKeM, hto Tor^a ipo(u) — ipu(v). JJjw SToro 
npHTHHeM nepeKpecTKH u h v k OTMeneHHOH TOHKe (cm. pnc. [29]), Tax iTo6bi 
ohh nonajiH b CTarnBaeMyio OKpecTHOCTb totkh z. 3aMeTHM, hto npnTSTHBaHHe 




Phc 29: ITpHTHrHBaHHe nepexpecTKa k OTMeneHHOft tohkc 

nepeKpecTKa He mchhct roMOTonnnecKHH Tin ero npHBe,n,eHHOH hojiobhhkh. 

06o3HanHM b nojiyiHBHieHCH flnarpaMMe nepe3 a nojiOBHHKy flnarpaMMbi 
b nepeKpecTKe u, He co^epjKamyio z, nepe3 /3 — fljinHHyio flyry /niarpaMMbi, 
coe/niHsnomyio tohkh u h v, h nepe3 7 — fljiHHHyio ,ayry, coe/pmsnomyio v h 
z (cm. pnc. I30[) . OTOK^ecTBjiHH Meacfly co6oft tohkh CTsrHBaeMoii OKpecTHO- 
cth, Mbi 6ya,eT HrHopHpoBaTB flyrn, hcjihkom jiejKamiie b stoh OKpecTHOCTH, 
h paccMaTpHBaTB KpHBbie a, /3, 7 KaK 3aMKHyTbie neTjin c HanajiOM b z. Toiyja 
npHBeflenHaa: nojiOBHHKa b nepeKpecTKe m paBHa D u — a, a nojiOBHHKa b ne- 
peKpecTKe u paBHa D v — a/3. Tax KaK no npeflnojiojKeHHio [D u ] = [D v ], to 
[/3] = 1 G 7Ti(5, z). IlpHMeHHM k flHarpaMMe BTopoe flBHJKeHHe PenfleMeiicTepa, 
flo6aBjiaiomee nepeKpecTKH w h w'. O^na H3 (HenpHBefleHHbix) nojiOBHHOK ne- 



23 



a 



a 




Phc. 30: ,H,HarpaMMa c npiiTHHyTbiMii k otmchchhoh tohkc nepcKpccTKaMH u h 
v. ITyHKTiipoM o6o3HaneHa CTariiBaeMaa OKpecTHOCTb tohkh z 



pexpecTKa w paBHa /3, a 3HanHT, CTsriiBaeMa. Ilo jieMMe [T] HMeeM ipoiw) = 0. 
Tor,n,a, Tax KaK ncpcKpccTKH u,v vlw o6pa3yiOT TpeyrojitmiK, H3 CBOHCTBa (^3) 
jih6o jieMMbi [2] cjie^yeT, hto ncpcKpecTKH u h v HMeiOT o/nmaKOByio hcthoctb. 

IlycTb Tenepb hmciotch nepexpecTKH u G V{D) hu£ V(D'), D, D' G ob(R z ), 
Taxne hto [D u ] = [D' v ] G ni{S, z). Tax KaK fliiarpaMMbi D h D 1 cooTBeTCTByiOT 
OflHOMy y3Jiy IC, iiMeeTCH nooieflOBaTejibHOCTb ^bhjkghhh, npeo6pa3yioiHirx D 
b D' . ilpii 3thx npeo6pa30BaHHHx nepeKpecTOK u mo)kgt HCHe3HyTb, ho mm mo- 
»ceM npii iiomoihh BTopbix jxbvdkcwbsl PeftfleMeiicTepa ,n,o6aBHTb k /niarpaMMe 
D nepeKpecTOK w, TaKoft hto [D w ] = [D u ], npiiHeM stot nepeKpecTOK 6yn,eT 
coxpaHHTbca npii nepexo^e ot D k D' (nocjie HeKOTopoft MOflHcpiiKainiii npo- 
MejKyTOHHbix fliiarpaMM, cocTOHineii b /i,o6aBjiCHHH k hhm ncpcKpecTKa w npn 

IIOMOIHH BTOpblX H, B03MOJKHO, TpeTbHX flBHJKCHHH PciiflCMCHCTepa) . TOMOTO- 

nHHecKHii thii iiojiobhhkh h neTHOCTb nepeKpecTKa w npii ^BHJKeHHax coxpa- 
HaiOTca, nosTOMy iPd(u) = ^d{w) = ipD'{w) = ipD'(v), r,ne nepBoe h nocjie^Hee 
paBGHCTBa cjie/ryiOT H3 paccyjKfleHHii, npoBe,n,eHHbix paHee. 

Onpe^ejiHM mhojkgctbo H C tti(S, z), cocTOHinee H3 roMOToninecKHx Kjiac- 
cob npHBe/i,eHHbix nojiOBHHOK b nepeKpecTKax, neTHbix OTHOCHTejibHO tp: 

H = {[D v ] | D G ob(R z ),v G V{D) Tarae, hto tp D (v) = 0}. 

Tor^a npoBeflenHbie Bbinie paccyjKfleHHH noKa3biBaiOT, hto cjia6aa neTHOCTb tp 
3a,i];aeTCH no npaBHjiy 

[ 1, HHane, 

H3 CBOiicTBa (VPl) cjie^yeT, hto [K] G H. HaM ocTaeTCH noKa3aTb, hto H hbjih- 
eTca noflrpynnofl b 7Ti(5 i , z). 

IlycTb hi,h,2 G H. Ha npoiOBOjibHOH /niarpaMMe D npn iiomoihh BTopbix 
flBHJKeHHH PefifleMeiicTepa o6pa3yeM nepeKpecTKH u h u, TaKne hto [D u ] = 



24 



[D v ] = hi- Toiyi,a ipn(u) = i/>d(v) = 0- IlpHTHHeM nepeKpecTKH u h v k otmg- 
hchhoh TOHKe z h npn noMOiHH BToporo flBHJKeHHa ,n;o6aBHM nepexpecTKH w h 
«/ (cm. piic. Tor^a HMeeM £> u = a, Z)„ = a/3, D w — afior 1 (3ppa> mm 
onHTb He o6pamaeM BHHMaHHH Ha pyTn, nejiHKOM jie^Kamiie BHyTpn CTarHBa- 
eMoft OKpecTHOCTH tohkh z). CneflOBaTejibHO, [D w ] — [iXH-Du] -1 — h2h^ 1 . B 
CHjiy CBOiicTBa (^3) (jih6o jieMMU ^ nepexpecTOK w HBjiaeTCH neTHbiM otho- 
CHTejiBHO ip, a 3HaHHT, h2h^ 1 G H. IIocKOJibKy sto BKjHoneHHe HMeeT MecTO 
fljia jho6bix h\^hi G H, MHO»cecTBO H aBjiaeTca no^rpynnoii. TaKHM o6pa30M, 
tp = ^ H . □ 

3aMeiaHHe 11. Cjia6yio neTHOCTb, onpeflejieHHyio Ha ceMeiicTBe /niarpaMM 
y3Jia /C, npoxo^,anj,Hx ^iopes TO^ixy z. mojkho pacnpocTpaHHTb Ha mhojkcctbo 
Bcex flnarpaMM y3Jia A cne/iyioiHHM o6pa30M. OnKcnpyeM /niarpaMMy Dq G & z . 
IlycTb D — npoH3BOjiBHaH ^narpaMMa y3Jia JC. Tax KaK .zniarpaMMbi Dq h D 
cooTBeTCTByiOT o^HOMy y3Jiy, HMeeTCH H30TonHH b yTOjimeHHH noBepxHOCTH, 
npoeKHHH KOTopoii Ha noBepxHOCTb nepeBO/niT /niarpaMMy Dq b D. Ilpn H30- 
TonHH TO^xa z, paccMaTpHBaeMaa KaK TOHKa Ha /niarpaMMe, onnnieT nyrb 7 c 

Ha^iajIOM B Z H KOHH,OM B TOHKe w G D. 

IlycTb cjia6aa neTHOCTb ip b M. z onpeflejiaeTCH noflrpynnoii H C tti(S,z). 
IlyTb 7 onpeflejiaeT H30Mop<pH3M cpyHflaMeHTajibHbix rpynn 7* : tti (S, z) — > 
tti(S,w). 3HaHemie cjia6oH hcthocth tp b nepeKpecTKe v /niarpaMMbi D mo- 
HceT 6biTb onpeflejieHO no npaBHjiy: iJjd{ v ) = Toiyja h TOjibKO TOiyja, KOiyja 
[D v ] G 7*(-ff) C 7r 1 (S', w), vflfi D v — nojiOBHHKa y3Jia b nepeKpecTKe v, npnBC- 

^,eHHaH K TOHKe w. 

IlycTb JC — y3eji Ha noBepxHOCTH S h D — /niarpaMMa y3jia JC, co,a,ep}Ka- 
m,aji TOHKy z. IlycTb H — noflrpynna b tti(S, z), KOTopaa co/jepjKHT Kjiacc [JC]. 
Ilo^rpynne H cooTBeTCTByeT HaKpbiTHe pn ■ S — > S noBepxHOCTH S. Ilpn stom 
noflHSTHe D flnarpaMMbi D, co^epjKamee OTMe^eHHyio TO^Ky z noBepxHOCTH 
S 3aMbiKaeTca, TaK KaK [JC] G H, a 3HanHT HBjiaeTca: flnarpaMMOii HeKOToporo 
y3Jia Ha noBepxHOCTH S. Mm MOxeM onncaTb cjia6yio neTHOCTb ip H h fleitcTBue 
cooTBeTCTByiomero (pyHKTopHajibHoro OTo6pa>KeHHa ^ H nocpeflCTBOM HaKpbi- 

TH3 Ph ■ 

YTBepxfleHHe 4. 1. nepeKpecmoK v duazpaMMU D neAsiemcfi uemmiM 
orrmocumeJibHO tp mozda u moM>KO mozda, nozda noduKmue D v C D 
noJioeuHKU D v 3aMUKaemcM; 

2. nodnfimue D duazpaMMU coenadaem c pesy/itmamoM npuMenenuJi k dua- 
spaMMe D (fiyHKmopuajitiHoso omo6paMceHUK ty H . 

3aMeiaHHe 12. Bo btopom nyHKTe yTBepjKfleHHH OKpecTHOCTb /piarpaMMbi 
D b S HHTcpnpeTHpyeTCH KaK noBepxHOCTb S'(D) BHpTyajibHoro y3Jia (cm. 
PhcEJ). 

/foKasameAbcmeo. fljia jno6oro nepeKpecTKa HMeeM tp^ (v) = [D v ] G H 
D v 3aMbiKaeTCH. 
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Phc. 31: ,H,HarpaMMa h ee no^HaTHC 



BTopoft nyHKT cjie^yeT H3 nepBoro h onncaHHH BHpTyajibHbix fluarpaMM KaK 
flHarpaMM b noBepxHOCTJix. □ 

B cjiynae roMOTonHHecKoft cjia6ofi hcthocth oniicaHiie cpyHKTopiiajiBHoro 
OTo6pa»:eHHH KaK noflHaTia npii HaKptiTHH npHBO/niT k cjie^yiomeMy pe3yjib- 
TaTy. 

TeopeMa 5. Ilycmb /C — y3eji na cbji3hou 3aMKHymou opuenmupoeaHHOu no- 
eepxHocmu S u D — eeo duazpaMMa. Tozda ^ hom (D), zde ^f hom ecmt> <pyHK- 
mopuaAt>Hoe omoBpawceHue, omeeuamvuee zoMomonuuecKou cm6ou uemHocmu, 
fieAsiemcfi KAaccuuecKou duazpaMMoti y3Aa. 

/^oKa3ameAbcmeo. Ecjih S — ccpepa, toD — KjiaccHnecKaa: /niarpaMMa, h oto6- 

pajKCHHe \fr hom (D) SBJIHeTCH TOJK/jeCTBeHHblM. 

IlycTb pofl noBepxHOCTH S 6ojibnie Hyjra. ^HarpaMMy \fr hom (D) mo»cho pac- 
CMaTpiiBaTB KaK noflHHTHe flHarpaMMbi D Ha HaKptmaioiHyio noBepxHOCTb S. B 
cjiynae roMOTonHnecKoii icthocth (pyH^aMeHTajibHaH rpynna tti(S) H30Mopcp- 
Ha hhkjihhgckoh noflrpynne b tti(S), nopojK,u;eHHOH sjigmchtom [K]. TaK KaK 
yHHBepcajibHoe HaKpbiTne noBepxHOCTH S ecTb njiocKOCTb, to S ecTb cpaKTopn- 
3ainiH njiocKOCTH no CBo6oflHO fleiicTByioiHeMy npeo6pa30BaHHK>, npuneM mojk- 
ho CHHTaTb, hto 3to npeo6pa30Bainie coxpaHaeT MCTpHKy nocToaHHOii KpnBH3- 
hbi Ha njiocKOCTH. CjieflOBaTejibHO, noBepxHOCTb S ecTb njiocKOCTb jih6o hh- 
jiHHflp. B jiio6om cjiy^ae, S, a 3HanHT, h OKpecTHOCTb /niarpaMMbi ifi hom (D) 
BjiojKHMa b R 2 , TaK hto \ff hom (D) HBjiHeTCH KjiaccHHecKofi flnarpaMMOit. □ 

3aMeiaHHe 13. JXflH njiocKnx y3JiOB Ha cpHKcnpoBaHHOii noBepxHOCTH Teope- 
Ma [5] osHa^aeT, ^ito (pyHKropnajibHoe OTo6pa»ceHHe, cooTBeTCTByromee tomoto- 
nHHecKofi cjia6ofi hcthocth, nepeBO/niT jho6oh y3eji b TpHBHajibHbift, TaK KaK 
TaKOBbiM HBjiaeTCH jiio6oh KjiaccHHecKHii njiocKHft y3eji. 

Cjie,a,CTBHe 4. Mu modkcm onpedeAumb npoeKupiw n eupmyaAbnux y3Aoe na 
KAaccunecKue: 3asi ak>6ozo eupmyaAbnozo y3Aa K, uoaookum 

U(fC) = «I> hom (lC), 

zde K, ecmb MUHUMaAbnuu npedcmaeumeAb y3Aa /C. 
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3aMeHaHHe 14. IIocTpoeHHaH npoeKHHH onpeflejieHa Ha ypoBHe y3jiOB, ho 
He ^HarpaMM, to ecTb He HBjraeTCH cbyHKTopHajibHbiM OTo6pa:aceHHeM BnpTy- 
ajibHBix y3JiOB b KjiaccH^iecKHe. OTo6pa»ceHHe (MHorosHa^nroe) Ha ypoBHe jxaa,- 
rpaMM H3 BHpTyajiBHbix y3JiOB b KjiaccnnecKHe 6bijio nocTpoeHO b pa6oTe B.O. 
MaHTypoBa [5]. 
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